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ON THE VIRTUAL SINGULAR BRAID MONOID
CARMEN CAPRAU AND SARAH ZEPEDA
Abstract. We study the algebraic structures of the virtual singular braid monoid,
V SBn, and the virtual singular pure braid monoid, V SPn. The monoid V SBn is
the splittable extension of V SPn by the symmetric group Sn. We also construct a
representation of V SBn.
1. Introduction
Virtual singular braids are interesting mathematical objects that are worth studying
not only for their algebraic and topological properties but also for their relationship
with virtual singular knots and links. This relationship is determined by generalizations
of Alexander [1] and Markov Theorems [16] for classical braids and links, and it was
studied by the authors in [7]. The set of isotopy classes of n-stranded virtual singular
braids (together with the composition of braids given by vertical concatenation) forms
a monoid, called the n-stranded virtual singular braid monoid and denoted by V SBn.
This monoid can be presented in more than one way using generators and relations.
The standard presentation uses 4n generators, n generators for each type of crossings:
classical (σ±1i ), virtual (vi), and singular (τi) crossings. We represent these generators
as combinatorial objects describing different types of interactions between consecutive
strands in a braid. Among these generators, only τi is not invertible. In addition,
the virtual generator vi can be identified with the transposition (i, i + 1) in Sn, the
symmetric group on n letters. In [7], it was proved that V SBn also admits a reduced
presentation using fewer generators, namely σ±11 and τ1, together with all of the vi’s.
There exists a homomorphism from V SBn onto Sn with kernel the n-stranded virtual
singular pure braid monoid, V SPn. The braids µi = σivi, µ
−1
i = viσ
−1
i and γi = τivi
are members of V SPn. The virtual singular pure braids µi and their inverses are
particularly interesting due to their intimate connection with the algebraic Yang-Baxter
equation. The relationship between the algebraic structure of the virtual pure braid
group and the algebraic Yang-Baxter equation was pointed out in [4, 5, 13].
In this paper, we employ the pure braids µ±1i and γi—together with the virtual
generators vi—to provide another presentation for the n-stranded virtual singular braid
monoid. The elements µ±1i were used in the work by Kauffman and Lambropoulou [13]
to give an interpretation of the virtual braid group in terms of a monoidal category.
Variants of these braids were also used by Bardakov in [3] to study the structure of the
virtual braid group and the virtual pure braid group. In our work, we refer to µ±1i and
γi as the ‘elementary fusing strings’ and represent them as shown in Figure 4. We also
provide a reduced presentation for the monoid V SBn with fewer generators, namely
µ±11 , γ1 and vi, for all 1 ≤ i ≤ n− 1.
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Another goal of this paper is to make use of the Reidemeister-Schreier method
(see [15]) to find a set of generators and relations for the virtual singular pure braid
monoid. The elementary fusing strings are not sufficient to generate V SPn, and con-
sequently, we define the ‘generalized fusing strings’. These are elements of V SPn and
can be represented in terms of the elementary fusing strings and the detour move from
virtual knot theory. (For a good introduction of virtual knot theory and the detour
move in particular, we refer the reader to the work by Kauffman [11].)
We also give an interpretation of V SBn in terms of a monoidal category, and then
use this category to construct a representation of V SBn into a submonoid of linear
operators over V ⊗n, where V is a finite dimensional vector space.
The paper is organized as follows. In Section 2 we review the standard and the
reduced presentations for V SBn, as introduced in [7]. In Section 3 we define the
elementary fusing strings and find the set of relations among them, yielding to a new
presentation for V SBn. In Section 4 we focus on the virtual singular pure braid monoid,
V SPn, and find a presentation for it with generators the generalized fusing strings. We
also show that V SBn is a semi-direct product of V SPn and Sn. Finally, in Section 5
we define the monoidal category FS of fusing strings as the obvious categorification of
the monoid V SBn. We then use this category to construct a representation of V SBn
via a monoidal functor FS→ K−Vec, where K−Vec is the category of vector spaces
over a field K. We close with an example of such a representation.
2. Virtual singular braids
In this section, we provide a brief review of the virtual singular braid monoid.
Throughout the paper, n ∈ N, n ≥ 2. The set of isotopy classes of n-stranded virtual
singular braids forms a monoid, which we denote by V SBn, and call the n-stranded
virtual singular braid monoid. The monoid operation is the usual braid multiplication:
given two n-stranded virtual singular braids β and β′, we form the braid ββ′ by stacking
β on top of β′ and gluing their endpoints. This monoid has as subsets the virtual braid
group [10, 11, 12, 13, 17] and the singular braid monoid [6, 8]. The identity element of
V SBn, denoted by 1n, is the braid with n vertical strands free of crossings.
2.1. Standard presentation for V SBn. We begin by giving the standard presenta-
tion for the virtual singular braid monoid using generators and relations.
Definition 1. The n-stranded virtual singular braid monoid, V SBn, is the monoid
generated by the elementary virtual singular braids σi, σ
−1
i , vi and τi, for 1 ≤ i ≤ n−1:
σi = σ
−1
i =
1 i i+ 1 n 1 i i+ 1 n
τi = vi =
1 i i+ 1 n 1 i i+ 1 n
with the defining relations:
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(1) σiσ
−1
i = σ
−1
i σi = 1n
R2
=
(2) v2i = 1n
V 2
=
(3) σiσjσi = σjσiσj , for |i− j| = 1
R3
=
(4) vivjvi = vjvivj , for |i− j| = 1
V 3
=
(5) viσjvi = vjσivj , for |i− j| = 1
V R3
=
(6) viτjvi = vjτivj , for |i− j| = 1
V S3
=
(7) σiσjτi = τjσiσj for |i− j| = 1.
RS3
=
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(8) σiτi = τiσi
RS1
=
(9) gihj = hjgi for |i− j| > 1, where gi, hi ∈ {σi, τi, vi}.
=
These relations taken collectively define the isotopy for virtual singular braids. Each
relation in V SBn is a braided version of a Reidemeister-type move for virtual singular
link diagrams. We remark that the type I (real and virtual) Reidemeister moves are
not reflected in the defining relations for V SBn; these moves cannot be represented
using braids, since braid strands must always pass in the downward direction. In
addition, the last set of relations listed for V SBn, which we refer to as the commuting
relations, do not correspond to a move for virtual singular link diagrams. Note that
the commuting relations hold for any choice of generators, but we only represented a
generic relation using the generators vi.
We refer to the first two relations listed in Definition 1 as the identity relations.
Likewise, we refer to the third through seventh relations collectively as the R3-type
relations. Finally, we call the eighth relation the singular twist relation.
Note that the generators τi are not invertible in V SBn. Naturally, σi and σ
−1
i are
inverses of each other (by the relation R2) and vi is its own inverse (due to the relation
V 2).
Remark 2. For every n-stranded virtual singular braid there is an associated permu-
tation in Sn, which describes the permutation of the braid strands (here we “read”
a braid from bottom to top). For example, the braid in Figure 1 is associated with
the permutation (143) in S4. Moreover, the generators σ
±1
i , τi and vi for V SBn are
associated with the transpositions (i, i+ 1) in Sn.
Figure 1. A braid whose associated permutation is (143)
Therefore, there exists a homomorphism pi : V SBn −→ Sn defined on the generators
of V SBn by:
pi(σi) = pi(σ
−1
i ) = pi(vi) = pi(τi) = vi.
We use vi to denote both generators in V SBn and transpositions (i, i + 1) in Sn. As
elementary virtual singular braids, the generators vi provide a geometric interpretation
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of transpositions in Sn. Since Sn is generated by transpositions, the homomorphism pi
is surjective.
Definition 3. The n-stranded virtual singular pure braid monoid, denoted V SPn, is
the kernel of the homomorphism pi:
V SPn := ker(pi),
and an element in the kernel is called a virtual singular pure braid.
It is clear that the permutation associated with a virtual singular pure braid is
the identity permutation in Sn. We return to the n-stranded virtual singular pure
braid monoid in Section 4, where we provide a presentation for V SPn and show that
V SBn ∼= V SPn o Sn.
2.2. A reduced presentation for V SBn. The R3-type relations involving virtual
crossings are special cases of the detour move (see [11]), shown in Figure 2.
←→
Figure 2. The detour move
The detour move allows us to detour any portion of a braid to the front of the braid,
where all of the new crossings (as interactions between the strands of the braids) are
virtual. Using the detour move, in [7] we derived a reduced presentation for V SBn
using fewer generators. The idea behind this reduced presentation is that the detour
move allows us to generate all of the elements of V SBn using only σ1, σ
−1
1 , τ1 and the
set of all vi, for 1 ≤ i ≤ n − 1. Geometrically speaking, we detour the real crossings
σ±1i+1 and singular crossings τi+1 to the left side of the braid using the strands 1, 2, . . . , i
as shown in Figure 3. That is, in algebraic terms, we have:
σ±1i+1 := (vi . . . v2v1)(vi+1 . . . v3v2)σ
±1
1 (v2v3 . . . vi+1)(v1v2 . . . vi)
τi+1 := (vi . . . v2v1)(vi+1 . . . v3v2)τ1(v2v3 . . . vi+1)(v1v2 . . . vi).
. . . . . .
i i+ 1 i+ 2
= . . . . . .
i i+ 1 i+ 2
= . . .. . .
1 2
. . .
. . .
i i+ 1 i+ 2 n
Figure 3. Detouring the crossing representing τi+1
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Theorem 4 (see Theorem 4 in [7]). V SBn has the following reduced presentation with
generators {σ±11 , τ1, v1, v2, . . . , vn−1} and relations:
v2i = 1n(2.1)
σ1σ
−1
1 = σ
−1
1 σ1 = 1n(2.2)
σ1τ1 = τ1σ1(2.3)
vivjvi = vjvivj , |i− j| = 1(2.4)
σ1(v1v2σ1v2v1)σ1 = (v1v2σ1v2v1)σ1(v1v2σ1v2v1)(2.5)
τ1(v1v2σ1v2v1)σ1 = (v1v2σ1v2v1)σ1(v1v2τ1v2v1)(2.6)
τ1vi = viτ1 and σ1vi = viσ1, i ≥ 3(2.7)
vivj = vjvi, |i− j| > 1(2.8)
τ1(v2v1v3v2τ1v2v3v1v2) = (v2v1v3v2τ1v2v3v1v2)τ1(2.9)
τ1(v2v1v3v2σ1v2v3v1v2) = (v2v1v3v2σ1v2v3v1v2)τ1(2.10)
σ1(v2v1v3v2σ1v2v3v1v2) = (v2v1v3v2σ1v2v3v1v2)σ1(2.11)
3. Virtual singular braid monoid via fusing strings
In this section we introduce a new presentation for the n-stranded virtual singular
braid monoid, V SBn. This presentation uses as generators a special type of pure
virtual singular braids, which we now define.
3.1. Fusing strings and their relations.
Definition 5. The elementary fusing strings µi, µ
−1
i and γi, where 1 ≤ i ≤ n− 1, are
n-stranded virtual singular braids defined as follows:
µi := σivi, µ
−1
i := viσ
−1
i , γi := τivi, where 1 ≤ i ≤ n− 1
We remark that the elements µi and µ
−1
i are called ‘connecting strings’ in [13].
Although the elementary fusing strings can be presented algebraically as elements of
V SBn, we think of them geometrically as abstract fusions between two adjacent braid
strands, as depicted in Figure 4.
µi = =
µ−1i = =
γi = =
Figure 4. Elementary connecting strings
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Our motivation for considering the elementary fusing strings stems from the fact
that µi is an invertible solution to the algebraic Yang-Baxter equation. Further, there
exists a relation between µi and γi that closely resembles the Yang-Baxter equation.
We will return to this later.
It is easy to see that the permutation associated with the elementary connecting
strings is the identity permutation of Sn. That is, elementary fusing strings are virtual
singular pure braids.
Using the defining relations for µi, µ
−1
i and γi given in Definition 5, we can describe
the elementary virtual singular braids σi, σ
−1
i , and τi in terms of the elementary fusing
strings:
σi = µivi, σ
−1
i = viµ
−1
i , τi = γivi.
Thus, the fusing strings µi, µ
−1
i , and γi, along with the virtual generators vi, can be
used as an alternative set of generators for the n-stranded virtual singular braid monoid,
V SBn. The following lemmas will provide a set of relations that the elementary fusing
strings satisfy. In the proof of each lemma, we underline the portion of the word that
is modified in the next line of the proof, and indicate which relation from Definition
1 is used to modify it. The first lemma introduces a version of the detour move for
elementary fusing strings.
Lemma 6. The following relations hold in V SBn, for all |i− j| = 1:
viµjvi = vjµivj viγjvi = vjγivj
←→ ←→
Proof. The desired relations follow from the detour relations of V SBn. For the second
relation we have:
viγjvi = viτjvjvi1n V 2
= viτjvjvivjvj V 3
= viτjvivjvivj V S3
= vjτivjvjvivj V 2
= vjτivivj
= vjγivj .
The first relation in the statement is proved in the same way, by replacing γi and τi by
µi and σi, respectively. 
Remark 7. For every |i− j| = 1, the relations
µjvivj = vivjµi and γjvivj = vivjγi
are equivalent to the relations of Lemma 6. We derive them, algebraically, by multi-
plying the relations in Lemma 6 on the left by vi and on the right by vj , as shown
below:
vi(viµjvi)vj = vi(vjµivj)vj and vi(viγjvi)vj = vi(vjγivj)vj .
We then apply the identity relations v2i = 1n and v
2
j = 1n, to obtain the desired
relations.
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In the next lemma, we present the Yang-Baxter type relations for fusing strings.
Naturally, they follow from the R3-type relations of V SBn.
Lemma 8. The following relations hold in V SBn, for all |i− j| = 1:
µj(vjµivj)µi = µi(vjµivj)µj
µj(vjµivj)γi = γi(vjµivj)µj
Proof. For the first relation we have:
µj(vjµivj)µi = σjvjvjσivivjσivi V 2
= σjσivivjσivi V R3
= σjσiσj vivjvi R3, V 3
= σiσjσivjvivj V R3
= σiσjvjviσjvj .
Next, we insert the identity to obtain the following:
µj(vjµivj)µi = σiσjvjvi1nσjvj V 2
= σiσjvjvivjvjσjvj V 3
= σiσjvivjvivjσjvj V R3
= σivivjσivivjσjvj
= µi(vjµivj)µj ,
where the first and last equality hold due to the defining relation for the elementary
fusing strings µi.
For the second relation we have:
µj(vjµivj)γi = σjvjvjσivivjτivi V 2
= σjσivivjτivi V S3
= σjσiτj vivjvi RS3, V 3
= τiσjσivjvivj V R3
= τiσjvjvi1nσjvj V 2
= τiσjvjvivjvjσjvj V3
= τiσjvivjvivjσjvj V R3
= τivivjσivivjσjvj
= γi(vjµivj)µj .
Again, the first and last equality above hold due to the defining relations for the
elementary fusing strings µi and γi. 
Lemma 9. The following relations hold in V SBn, for |i− j| > 1:
αiβj = βjαi, for αi, βi ∈ {µi, γi, vi}
Proof. These relations are the commuting relations for elementary fusing strings. Nat-
urally, they follow from the commuting relations for V SBn (see the last set of relations
of Definition 1). 
We now state one more lemma which preserves the singular twist relation of V SBn
among fusing strings.
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Lemma 10. The following relations hold in V SBn, for all 1 ≤ i ≤ n− 1:
µiviγi = γiviµi
←→
Proof. Let 1 ≤ i ≤ n − 1. Using the defining relations for µi and γi, the identity
relation v2i = 1n, and the singular twist relation σiτi = τiσi, which we know hold in
V SBn, we obtain:
µiviγi = (σivi)vi(τivi) V 2
= σiτivi RS1
= τi1nσivi V 2
= (τivi)vi(σivi)
= γiviµi.
Therefore, the relations hold for all 1 ≤ i ≤ n− 1. 
3.2. A presentation for V SBn using fusing strings. We define a monoid with the
elementary fusing strings as generators. The relations proved in the preceding lemmas
become defining relations for this monoid. In this monoid, µi and µ
−1
i will be inverses
of each other. This should be clear from their definitions. In addition, we have the
elements vi of V SBn as generators for this monoid. Consequently, we must adopt the
defining relations of V SBn involving only the virtual generators.
Definition 11. Let Mn be the monoid with the following presentation using generators
{µ±1i , γi, vi
∣∣1 ≤ i ≤ n− 1} and relations:
v2i = 1n and µiµ
−1
i = 1n = µ
−1
i µi(3.1)
vivjvi = vjvivj , |i− j| = 1(3.2)
viµjvi = vjµivj , |i− j| = 1(3.3)
viγjvi = vjγivj , |i− j| = 1(3.4)
µj(vjµivj)µi = µi(vjµivj)µj , |i− j| = 1(3.5)
µj(vjµivj)γi = γi(vjµivj)µj , |i− j| = 1(3.6)
µiviγi = γiviµi(3.7)
αiβj = βjαi, |i− j| > 1, ∀αi, βi ∈ {µi, γi, vi}(3.8)
Theorem 12. Mn is isomorphic to V SBn.
Proof. Define the map F : V SBn −→Mn by
F (vi) = vi, F (σi) = µivi, F (σ
−1
i ) = viµ
−1
i , and F (τi) = γivi
and extend it to all virtual singular braids, written in terms of the generators of V SBn,
so that F is a homomorphism. We need to show that F is well defined. That is, we
need to show that F preserves the defining relations for V SBn. Since F fixes the
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virtual generators, the relations among virtual generators in V SBn are preserved. We
will now show that the remaining relations in V SBn are also preserved.
We begin by showing that the identity relation, R2, involving real crossings is pre-
served. We need to show that F (σiσ
−1
i ) = F (1n) = F (σ
−1
i σi). Since F is a homomor-
phism, we must have F (1n) = 1n. So it suffices to prove that both F (σiσ
−1
i ) = 1n and
F (σ−1i σi) = 1n. We have:
F (σiσ
−1
i ) = µiviviµ
−1
i
(3.1)
= 1n and F (σ
−1
i σi) = viµ
−1
i µivi
(3.1)
= 1n.
Thus the relation R2 is preserved. Next we show that the singular twist relation RS1
holds:
F (σiτi) = (µivi)(γivi)
(3.7)
= (γivi)(µivi) = F (τiσi).
As shown below, F preserves the relation RS3:
F (σiσjτi) = (µi1nvi)(µjvj)(γi1nvi)
(3.1)
= µivjvjviµj vjγivjvjvi
(3.3),(3.4)
= µivjµivjviviγjvivjvi
(3.1)
= µi(vjµivj)γj vivjvi
(3.6),(3.2)
= γj(vjµivj)µivjvivj
(3.3)
= γjvjµiviµjvivivj .
By applying the identity relation (3.1), we have the desired word as a result of the
defining relations for µi and γi:
F (σiσjτi) = γjvjµiviµjvivivj
= (γjvj)(µivi)(µjvj)
= F (τjσiσj).
Therefore, F preserves the relation RS3. The proof that relation R3 is also pre-
served by F is similar; one replaces τi by σi and makes use of relation (3.5) instead of
relation (3.6).
Next we show that the relation V S3 is preserved by F :
F (viτjvi) = vi(γj1nvj)vi
(3.1)
= viγjvi vivjvi
(3.4),(3.2)
= vjγivjvjvivj
(3.1)
= vj(γivi)vj
= F (vjτivj).
The relation V R3 can be verified in the same way by replacing τi and γi with σi
and µi, respectively. Instead of using the relation (3.4), one uses relation (3.3).
It is easy to see that F preserves the commuting relations for V SBn; this follows
from relations (3.8).
ON THE VIRTUAL SINGULAR BRAID MONOID 11
Therefore, F is a well-defined homomorphism from V SBn to Mn. To show that F
is an isomorphism, we define a homomorphism from Mn to V SBn that is the inverse
map of F .
We define G : Mn −→ V SBn by
G(vi) = vi, G(µi) = σivi, G(µ
−1
i ) = viσ
−1
i , and G(γi) = τivi,
and extend it to all members in Mn so that G is a homomorphism.
We remark that G is defined such that it mimics the defining relations for the
elementary fusing strings µ±1i and γi (see Definition 5). By Lemmas 6 and 8–10,
together with the definition for the monoid Mn, it follows that G preserves the relations
for Bn.
Moreover, it is easy to see that F ◦ G and G ◦ F are the identity maps on Mn
and V SBn, respectively. Therefore, V SBn and Mn are isomorphic monoids. This
completes the proof. 
Remark 13. Since V SBn and Mn are isomorphic monoids, and the generators for Mn
are elements in V SBn, our defining presentation for Mn can be used as an alternative
presentation for V SBn using elementary fusing strings.
Similar to Theorem 4 for V SBn, there is a reduced presentation for the monoid
Mn. We arrive at this presentation by using the detour move to define the generators
µi, µ
−1
i , and γi in terms of µ1, µ
−1
1 , and γ1, respectively, as follows:
µ±1i+1 := (vi . . . v1)(vi+1 . . . v3v2)µ
±1
1 (v2v3 . . . vi+1)(v1v2 . . . vi)
γi+1 := (vi . . . v1)(vi+1 . . . v3v2)γ1(v2v3 . . . vi+1)(v1v2 . . . vi)
This allows us to rewrite all of the relations in Definition 11 using only the generators
µ±11 and γ1 along with the virtual generators vi, for all 1 ≤ i ≤ n − 1. Hence, we can
describe Mn using fewer generators. Consequently, V SBn has a reduced presentation
using elementary fusing strings µ±11 , γ1 together with the virtual generators vi, for all
1 ≤ i ≤ n− 1.
Proposition 14. V SBn has the following reduced presentation using {v1, v2, . . . , vn−1}
and the elementary fusing strings µ±11 and γ1 as generators and subject to the following
relations:
v2i = 1n and µ
−1
1 µ1 = 1n = µ
−1
1 µ1(3.9)
vivjvi = vjvivj , |i− j| = 1(3.10)
(v1v2µ1v2v1)(v2µ1v2)µ1 = µ1(v2µ1v2)(v1v2µ1v2v1)(3.11)
(v1v2µ1v2v1)(v2µ1v2)γ1 = γ1(v2µ1v2)(v1v2µ1v2v1)(3.12)
µ1v1γ1 = γ1v1µ1(3.13)
vivj = vjvi, |i− j| > 1(3.14)
µ1vi = viµ1 and γ1vi = viγ1, i ≥ 3(3.15)
γ1(v2v1v3v2γ1v2v3v1v2) = (v2v1v3v2γ1v2v3v1v2)γ1(3.16)
γ1(v2v1v3v2µ1v2v3v1v2) = (v2v1v3v2µ1v2v3v1v2)γ1(3.17)
µ1(v2v1v3v2µ1v2v3v1v2) = (v2v1v3v2µ1v2v3v1v2)µ1(3.18)
Proof. We do not need the generators µi, µ
−1
i , and γi for 2 ≤ i ≤ n− 1 since we have
defined them in terms of the other generators. As for the relations, we see that they
are the same as the relations in Definition 11, where we fix i = 1 whenever the relations
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require the generators µi, µ
−1
i , or γi. If a relation uses both i and j, we assume that
the relation occurs at the left most portion of the braid, so we use the smallest possible
subscript for j. Hence, for the relations that require |i − j| = 1, we fix j = 2 but
describe the corresponding generator in terms of a generator with a subscript of 1. For
example, in the identity (3.11), we use v1v2µ1v2v1 in place of µ2. Likewise, for the
relations that require |i− j| > 1, we fix j = 3 but describe the corresponding generator
in terms of a generator with a subscript of 1. Any relation that occurs elsewhere in
the braid follows from these relations by the detour move. We do not include the
identities (3.3) and (3.4) in this reduced presentation, since they were used to obtain
the defining relations for µ±1i+1 and γi+1. However, the remaining relations of Definition
11 are included in this reduced presentation, where the subscripts have been changed
as described above. Note that the commuting relations (3.8) are now represented by
the relations (3.14)–(3.18). Therefore, the statement holds. 
3.3. A connection with Yang-Baxter equation. It is interesting and important
to remark that the fusing strings are intimately related to the algebraic Yang-Baxter
equation, as we now explain (see also [13]).
Let V be a vector space over a field K and R : V ⊗ V → V ⊗ V a linear map. Let
T : V ⊗ V → V ⊗ V be the twist map given by:
T (v ⊗ w) = w ⊗ v, ∀v, w ∈ V
Define the operators R12, R23 and R13 as below,
R12 : = R⊗ IdV
R23 : = IdV ⊗R
R13 : = (IdV ⊗T )(R⊗ IdV )(IdV ⊗T )
and recall that R is said to satisfy the Yang-Baxter equation (YBE) if
R12R13R23 = R23R13R12(3.19)
Using the replacements
R12  µ1, R23  µ2, R13  v2µ1v2,
the YBE (3.19) is equivalent to the equation
µ1(v2µ1v2)µ2 = µ2(v2µ1v2)µ1,(3.20)
which is the first relation in Lemma 8 (for the case i = 1 and j = 2). This is not
unexpected, since it is known that the operator R satisfies the YBE if and only if
B := T R satisfies the braid equation:
B12B23B12 = B23B12B23.
To this end, it is clear that by making use of the following obvious associations:
B12  σ1, B23  σ2,
the braid equation is equivalent to the well-known relation
σ1σ2σ1 = σ2σ1σ2,
which holds in V SBn (and in the classical braid group, for that matter).
Relation (3.20) can be thought of as the algebraic Yang-Baxter equation, and this
is our main incentive for working with presentations for V SBn using fusing strings as
generators. We will return to Yang-Baxter equation in Section 5, where we construct
a representation of V SBn into linear operators over V
⊗n.
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4. A presentation for the virtual singular pure braid monoid
In this section we find a presentation for the virtual singular pure braid monoid,
V SPn, defined in Section 2. To accomplish this, we introduce the generalized fusing
strings µij , µji, γij and γji, where 1 ≤ i < j ≤ n. These are elements in V SPn defined
as follows:
µij := (vj−1vj−2 . . . vi+1)µi(vi+1 . . . vj−2vj−1)
γij := (vj−1vj−2 . . . vi+1)γi(vi+1 . . . vj−2vj−1)
µji := (vj−1vj−2 . . . vi+1)viµivi(vi+1 . . . vj−2vj−1)
γji := (vj−1vj−2 . . . vi+1)viγivi(vi+1 . . . vj−2vj−1)
We remark that µi,i+1 = µi and γi,i+1 = γi. Moreover, µi+1,i = viµivi = viσi and
γi+1,i = viγivi = viτi.
The group Sn acts on V SBn by conjugation. The next statement studies this
action on the set of generalized fusing strings. Relations 1 below are an immediate
consequence of the commuting relations in V SBn (last set of relations in Definition 1),
while relations 2, 3 and 4 follow from the defining relations for the generalized fusing
strings.
Lemma 15. The following relations hold in V SBn:
(1) vi µkl vi = µkl, vi γkl vi = γkl for all |k − i| > 1, |l − i| > 1
(2) vi−1 µi,i+1 vi−1 = µi−1,i+1, vi−1 γi,i+1 vi−1 = γi−1,i+1
vi−1 µi+1,i vi−1 = µi+1,i−1, vi−1 γi+1,i vi−1 = γi+1,i−1
(3) vi µi,i+1 vi = µi+1,i, vi γi,i+1 vi = γi+1,i
vi µi+1,i vi = µi,i+1, vi γi+1,i vi = γi,i+1
(4) vi+1 µi,i+1 vi+1 = µi,i+2, vi+1 γi,i+1 vi+1 = γi,i+2
vi+1 µi+1,i vi+1 = µi+2,i, vi+1 γi+1,i vi+1 = γi+2,i
Corollary 16. The group Sn acts by conjugation on the set {µkl, γkl | 1 ≤ k 6= l ≤ n},
which results in permuting the indices of the generalized fusing strings. That is,
αµkl α
−1 = µα(k)α(l) and αγkl α−1 = γα(k)α(l),
where α ∈ Sn. This action is transitive.
We are ready now to find a presentation for V SPn using the Reidemeister-Schreier
method (see [15, Chapter 2.2]). By Corollary 16, the submonoid of V SPn generated
by the generalized fusing strings is normal in V SBn. We show that this submonoid
coincides with V SPn and find the relations that its generators satisfy.
Theorem 17. The pure virtual singular braid monoid, V SPn is generated by the gen-
eralized fusing strings {µkl, µ−1kl , γkl | 1 ≤ k 6= l ≤ n}, subject to the following relations:
µklµ
−1
kl = µ
−1
kl µkl = 1n(4.1)
µijµikµjk = µjkµikµij(4.2)
µijµikγjk = γjkµikµij(4.3)
γijµikµjk = µjkµikγij(4.4)
µklγlk = γklµlk(4.5)
µijµkl = µklµij , γijγkl = γklγij , µijγkl = γklµij ,(4.6)
where distinct letters stand for distinct indices.
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Proof. We will borrow some notations from [3].
Let mkl = vk−1vk−2 . . . vl if l < k and mkl = 1 in all other cases, and let
Λn :=
{
n∏
k=2
mk, jk | 1 ≤ jk ≤ k
}
.
Then Λn is a Schreier system of right coset representatives of V SPn in V SBn. A
Schreier right coset representative is such that any initial segment of a representative
is again a representative.
Define the map ¯ : V SBn → Λn which takes a braid element ω ∈ V SBn to its
representative ω ∈ Λn. It is easy to see that ω ω −1 ∈ V SPn, for all ω ∈ V SBn.
According to [15, Theorem 2.7], the monoid V SPn is generated by
sλ,a = λa (λa)
−1,
for all λ ∈ Λn and for all generators a of V SBn (that is, elementary virtual singular
braids σi, σ
−1
i , τi and vi). Note that for the purpose of this proof, we work here with the
standard presentation for V SBn given in Definition 1. We also remark that although
not all elements in V SBn are invertible, ω is invertible for any ω ∈ V SBn, and therefore
sλ,a is well defined for all generators, including τi.
By definition of Λn, λvi = λvi for all λ ∈ Λn and 1 ≤ i ≤ n − 1. In addition,
λσi = λσ
−1
i = λτi = λvi for all 1 ≤ i ≤ n− 1. Then, for all λ ∈ Λn, we have:
sλ,vi = λvi(λvi)
−1 = λvi(λvi)−1 = λviviλ−1 = 1n
sλ,σi = λσi(λσi)
−1 = λσi(λvi)−1 = λ(σivi)λ−1 = λµi,i+1λ−1
sλ,τi = λτi(λτi)
−1 = λτi(λvi)−1 = λ(τivi)λ−1 = λγi,i+1λ−1
sλ,σ−1i
= λσ−1i (λσ
−1
i )
−1 = λσ−1i (λvi)
−1 = λ(σ−1i vi)λ
−1 = λµ−1i+1,iλ
−1.
Thus for λ = 1n, we get that s1n,σi , s1n,γi and s1n,σ−1i
are the fusing strings µi,i+1, γi,i+1
and µ−1i+1,i, respectively. By Corollary 16, we have that every sλ,σi is equal to some µkl
and, conversely, each µkl is equal to some sλ,σi . Similarly, each sλ,τi and sλ,σ−1i
are
equal to some γkl and, respectively, µ
−1
kl . Conversely, each γkl and µ
−1
kl are equal to
some sλ,τi and sλ,σ−1i
, respectively. Therefore, V SPn is generated by {µkl, µ−1kl , γkl | 1 ≤
k 6= l ≤ n}.
Next we need to find the defining relations for V SPn. Continuing with the Reidemeister-
Schreier method, we define a rewriting process R which converts a word in V SPn writ-
ten in terms of the generators of V SBn into a word written in terms of the generators
of V SPn.
If ω = a1a2 · · · at, where aj ∈ {σi, σ−1i , τi, vi | 1 ≤ i ≤ n − 1}, then the rewritten
word R(ω) is given by
R(ω) = s1k1,a1s2k2,a2 · · · stkt,at
where, for 1 ≤ j ≤ t,
• j = −1 and kj = a1a2 · · · aj−1aj if aj = σ−1i , for some 1 ≤ i ≤ n− 1, and
• j = 1 and kj = a1a2 · · · aj−1 if aj is any of the other type of generators.
By [15, Theorem 2.8], the defining relations for the monoid V SPn are given by
R(λruλ−1), for all λ ∈ Λn and all defining relations ru of V SBn. (We remark that
Theorem 2.8 in [15] is stated for groups; however, its proof works for monoids as well,
as long as ω is invertible and R(ω) is well defined; this is certainly true in our case.) We
find first all of the relations R(ru); that is, relations corresponding to λ = 1n. Then,
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the relations for nontrivial λ ∈ Λn are obtained by conjugating—by representatives in
Λn—the previously obtained relations R(ru).
Consider the relation r1 : σiσ
−1
i = σ
−1
i σi = 1n. Clearly, R(1n) = 1n. Then,
R(σiσ−1i ) = s1n,σi · s−1
σiσ
−1
i ,σi
= s1n,σi · s−11n,σi = µi,i+1 µ−1i,i+1
R(σ−1i σi) = s−1
σ−1i ,σi
· s
σ−1i ,σi
= s−1vi,σi · svi,σi
= (viµi,i+1vi)
−1(viµi,i+1vi) = µ−1i+1,iµi+1,i
where the last equality above holds by Lemma 15. Thus we have that
R(r1) : µi,i+1 µ−1i,i+1 = µ−1i+1,iµi+1,i = 1n.
Conjugating by vi, we obtain
R(vir1vi) : µi+1,i µ−1i+1,i = µ−1i,i+1µi,i+1 = 1n.
Conjugating by all representatives in Λn we obtain the relations (4.1).
The rewriting process applied to relations r2 : v
2
i = 1n and r4 : vivi+1vi = vi+1vivi+1
produce the trivial relation 1n = 1n, since sλ,vi = 1n for any λ ∈ Λn.
We consider next the relation r3 : σiσi+1σi = σi+1σiσi+1. Applying the rewriting
process and Corollary 16, we have:
R(σiσi+1σi) = s1n,σi sσi,σi+1 sσiσi+1,σi = s1n,σi svi,σi+1 svivi+1,σi
= (µi,i+1)(viµi+1,i+2vi)(vivi+1µi,i+1vi+1vi)
= µi,i+1 µi,i+2 µi+1,i+2,
and
R(σi+1σiσi+1) = s1n,σi+1 sσi+1,σi sσi+1σi,σi+1 = s1n,σi+1 svi+1,σisvi+1vi,σi+1
= (µi+1,i+2)(vi+1µi,i+ivi+1)(vi+1viµi+1,i+2vivi+1)
= µi+1,i+2 µi,i+2 µi,i+1.
Therefore, R(r3) is represented by µi,i+1 µi,i+2 µi+1,i+2 = µi+1,i+2 µi,i+2 µi,i+1. Conju-
gating this identity by all representatives in Λn, will produce the relations (4.2).
Relations r5 : viσi+1vi = vi+1σivi+1 and r6 : viτi+1vi = vi+1τivi+1 induce the trivial
relation in V SPn. We show this for the latter relation.
R(viτi+1vi) = s1n,vi svi,τi+1 sviτi+1,vi = 1n svi,τi+1 1n = viγi+1,i+2vi = γi,i+2
R(vi+1τivi+1) = s1n,vi+1 svi+1,τi svi+1τi,vi+1 = 1n svi+1,τi 1n = vi+1γi,i+1vi+1 = γi,i+2
Let us consider now the relation r7 : σiσi+1τi = τi+1σiσi+1 for V SBn. Applying the
rewriting process to the left hand side, we obtain the following:
R(σiσi+1τi) = s1n,σi sσi,σi+1 sσiσi+1,τi = s1n,σi svi,σi+1 svivi+1,τi
= (µi,i+1)(viµi+1,i+2vi)(vivi+1γi,i+1vi+1vi)
= µi,i+1 µi,i+2 γi+1,i+2.
For the right hand side we get:
R(τi+1σiσi+1) = s1n,τi+1 sτi+1,σi sτi+1σi,σi+1 = s1n,τi+1 svi+1,σisvi+1vi,σi+1
= (γi+1,i+2)(vi+1µi,i+ivi+1)(vi+1viµi+1,i+2vivi+1)
= γi+1,i+2 µi,i+2 µi,i+1.
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Hence, we arrive at R(r7) : µi,i+1 µi,i+2 γi+1,i+2 = γi+1,i+2 µi,i+2 µi,i+1. Conjugat-
ing this by all representatives in Λn, relations (4.3) follow immediately.
Applying the rewriting process R to the relation r′7 : σi+1σiτi+1 = τiσi+1σi we
obtain:
R(r′7) : γi,i+1 µi,i+2 µi+1,i+2 = µi+1,i+2 µi,i+2 γi,i+1.
Conjugating this by all representatives in Λn, we get relations (4.4).
By applying the rewriting process to r8 : σiτi = τiσi, we get the following:
R(σiτi) = s1n,σi sσi,τi = s1n,σi svi,τi = (µi,i+1)(viγi,i+1vi) = µi,i+1 γi+1,i
R(τiσi) = s1n,τi sτi,σi = s1n,τi svi,σi = (γi,i+1)(viµi,i+1vi) = γi,i+1 µi+1,i.
Therefore, R(r8) has the form µi,i+1 γi+1,i = γi,i+1 µi+1,i. It follows that relations
R(λr8λ−1) for all representatives λ ∈ Λn have the form µklγlk = γklµlk. Thus rela-
tions (4.5) hold in V SPn.
It remains to show that the rewriting process applied to the commuting relations r9
of V SBn yields the commuting relations (4.6) of V SPn. For example, let |i − j| > 1
and consider the relations σiτj = τjσi. Then,
R(σiτj) = s1n,σi sσi,τj = (µi,i+1)(viγj,j+1vi) = µi,i+1 γj,j+1
R(τjσi) = s1n,τj sτj ,σi = (γj,j+1)(vjµi,i+1vj) = γj,j+1 µi,i+1.
We have derived the relation µi,i+1γj,j+1 = γj,j+1µi,i+1. Conjugating it by all repre-
sentatives in Λn, we get:
µijγkl = γklµij , where {i, j} ∩ {k, l} = ∅.
Similarly, by applying the rewriting process to relations σiσj = σjσi and τiτj = τjτi,
where |i− j| > 1, we obtain:
µijµkl = µklµi,j and γijγkl = γklγij , where {i, j} ∩ {k, l} = ∅.
Hence, relations (4.6) hold in V SPn. It is easy to see that the commuting relations
σivj = vjσi and τivj = vjτi of V SBn result in the identity relation in V SPn. 
Remark 18. We know that V SPn is a normal submonoid of V SBn. Moreover,
V SBn = V SPn oφ Sn, where φ : Sn → Aut(V SPn) is the permutation representa-
tion associated with the action of Sn on V SPn as described by Lemma 15. Therefore,
V SBn splits over V SPn by Sn.
5. A representation of V SBn
We wish to provide a categorical description for the virtual singular braid monoid,
V SBn. Since the notion of a monoidal category is the categorification of the notion
of a monoid, we define a monoidal category FS—the category of fusing strings—that
can be used as a basis for studying virtual singular braids and the algebraic structure
among them. We also use this category to construct a representation of V SBn. For
an introduction to category theory and in particular monoidal categories, we refer the
reader to, for example, the books [2, 9, 14].
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5.1. The category of fusing strings. V SBn embeds into V SBn+1 via the map ι :
V SBn → V SBn+1 given by adding a vertical strand to the right of a braid b ∈ V SBn.
This operation results in a braid ι(b) ∈ V SBn+1, and we can define:
V SB∞ :=
∞⋃
n=1
V SBn.
In providing a categorical description of V SB∞, we rely on the definition of the monoid
Mn (see Definition 11) and the full set of elementary fusing strings. By Theorem 12,
V SBn and Mn are isomorphic monoids.
Definition 19. The category FS of fusing strings is the strict monoidal category freely
generated by one object, denoted by ∗, and the following four morphisms:
µ = µ−1 = γ = v =
where µ, µ−1, γ and v : ∗ ⊗ ∗ −→ ∗ ⊗ ∗.
For each non-negative integer n, there exists an object [n] in FS:
[n] = ∗ ⊗ ∗ ⊗ · · · ⊗ ∗ ,
containing n copies of ∗. The object [n] is a categorification of the top or bottom n
endpoints of a braid in V SBn.
A trivial morphism in FS is a tensor product of copies of the morphism | : ∗ −→ ∗.
Then, a non-trivial morphism [n] −→ [n] is a composition of tensor products of trivial
morphisms and one of the generating morphisms µ, µ−1, γ or v. We think of a morphism
[n] −→ [n] in FS as a categorification of an element in the monoidMn and, in particular,
of a virtual singular braid in V SBn. For example,
vi = | ⊗ · · · ⊗ | ⊗ v ⊗ | ⊗ · · · ⊗ | : [n] −→ [n](5.1)
γi = | ⊗ · · · ⊗ | ⊗ γ ⊗ | ⊗ · · · ⊗ | : [n] −→ [n],(5.2)
µ±1i = | ⊗ · · · ⊗ | ⊗ µ±1 ⊗ | ⊗ · · · ⊗ | : [n] −→ [n](5.3)
(5.4)
where v, γ and µ±1 are in the ith place of the tensor product, are categorifications of
vi and the elementary fusing strings µi and γi, respectively.
5.2. A representation of V SBn into linear operators. Let V be a vector space
over a field K and let T : V ⊗V → V ⊗V , R : V ⊗V → V ⊗V and S : V ⊗V → V ⊗V be
linear operators. We define a monoidal functor F : FS→ K−Vec given by F(∗) := V
and
F(v) := T , F(µ) := R, F(γ) := S,
where K−Vec is the category of vector spaces over K. Then,
F(vi) = IdV ⊗ · · · ⊗ IdV ⊗T ⊗ IdV · · · ⊗ IdV
F(µi) = IdV ⊗ · · · ⊗ IdV ⊗R⊗ IdV · · · ⊗ IdV
F(γi) = IdV ⊗ · · · ⊗ IdV ⊗S ⊗ IdV · · · ⊗ IdV ,
where T , R and respectively S occur in the ith place of the tensor product. Note that
F(vi),F(µi) and F(γi) ∈ End(V ⊗n).
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Proposition 20. If the linear operators T : V ⊗ V → V ⊗ V , R : V ⊗ V → V ⊗ V
and S : V ⊗ V → V ⊗ V satisfy the following:
(1) T andR are invertible, and T 2 = IdV⊗V
(2) (T ⊗ IdV )(IdV ⊗T )(T ⊗ IdV ) = (IdV ⊗T )(T ⊗ IdV )(IdV ⊗T )
(3) (T ⊗ IdV )(IdV ⊗R)(T ⊗ IdV ) = (IdV ⊗T )(R⊗ IdV )(IdV ⊗T )
(4) (T ⊗ IdV )(IdV ⊗S)(T ⊗ IdV ) = (IdV ⊗T )(S ⊗ IdV )(IdV ⊗T )
(5) (IdV ⊗R)[(IdV ⊗T )(R⊗ IdV )(IdV ⊗T )](R⊗ IdV ) =
(R⊗ IdV )[(IdV ⊗T )(R⊗ IdV )(IdV ⊗T )](IdV ⊗R)
(6) (IdV ⊗R)[(IdV ⊗T )(R⊗ IdV )(IdV ⊗T )](S ⊗ IdV ) =
(S ⊗ IdV )[(IdV ⊗T )(R⊗ IdV )(IdV ⊗T )](IdV ⊗R)
(7) RT S = ST R,
then F is a representation of the n-stranded virtual singular braid monoid, V SBn, to
a submonoid of End(V ⊗n).
Proof. The statement follows from Definition 11, Theorem 12, and the definition of the
functor F . 
Remark 21. LetR12 := R⊗IdV , R23 := IdV ⊗R, R13 := (IdV ⊗T )(R⊗IdV )(IdV ⊗T )
Then, the fifth equation in Proposition 20, becomes R12R13R23 = R23R13R12. That
is, by the discussion in Section 3.3, R satisfies the Yang-Baxter equation.
Example 22. Let p be a prime number and ξ = e2pi
√−1/p. Let V be a vector space
over C with basis {bk | k ∈ Zp}. We define the linear operators T : V ⊗ V → V ⊗ V ,
R : V ⊗ V → V ⊗ V and S : V ⊗ V → V ⊗ V given by
T (bk ⊗ bl) = bl ⊗ bk(5.5)
R(bk ⊗ bl) = ξklbk ⊗ bl(5.6)
S(bk ⊗ bl) = (ξkl + ξ−kl)bk ⊗ bl(5.7)
We show that these linear maps satisfy the equations in Proposition 20. It is clear
that T and R are invertible operators and that T 2 = IdV⊗V . Let bk, bl and bm be
arbitrary basis vectors for V . Then,
(T ⊗ IdV )(IdV ⊗T )(T ⊗ IdV )(bk ⊗ bl ⊗ bm) = (T ⊗ IdV )(IdV ⊗T )(bl ⊗ bk ⊗ bm)
= (T ⊗ IdV )(bl ⊗ bm ⊗ bk)
= bm ⊗ bl ⊗ bk,
and
(IdV ⊗T )(T ⊗ IdV )(IdV ⊗T )(bk ⊗ bl ⊗ bm) = (IdV ⊗T )(T ⊗ IdV )(bk ⊗ bm ⊗ bl)
= (IdV ⊗T )(bm ⊗ bk ⊗ bl)
= bm ⊗ bl ⊗ bk.
Thus, the second equality holds. The third equality follows similarly, as shown below.
(T ⊗ IdV )(IdV ⊗R)(T ⊗ IdV )(bk ⊗ bl ⊗ bm) = (T ⊗ IdV )(IdV ⊗R)(bl ⊗ bk ⊗ bm)
= (T ⊗ IdV )(bl ⊗ ξkmbk ⊗ bm)
= ξkmbk ⊗ bl ⊗ bm,
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(IdV ⊗T )(R⊗ IdV )(IdV ⊗T )(bk ⊗ bl ⊗ bm) = (IdV ⊗T )(R⊗ IdV )(bk ⊗ bm ⊗ bl)
= (IdV ⊗T )(ξkmbk ⊗ bm ⊗ bl)
= ξkmbk ⊗ bl ⊗ bm.
For the left hand side of the fourth equality, we obtain:
(T ⊗ IdV )(IdV ⊗S)(T ⊗ IdV )(bk ⊗ bl ⊗ bm) = (T ⊗ IdV )(IdV ⊗S)(bl ⊗ bk ⊗ bm)
= (T ⊗ IdV )(bl ⊗ (ξkm + ξ−km)bk ⊗ bm)
= (ξkm + ξ−km)bk ⊗ bl ⊗ bm,
and for the right hand side, we obtain:
(IdV ⊗T )(S ⊗ IdV )(IdV ⊗T )(bk ⊗ bl ⊗ bm) = (IdV ⊗T )(S ⊗ IdV )(bk ⊗ bm ⊗ bl)
= (IdV ⊗T )((ξkm + ξ−km)bk ⊗ bm ⊗ bl)
= (ξkm + ξ−km)bk ⊗ bl ⊗ bm.
Therefore, the fourth equality holds. Next, we show that the fifth equality holds.
(IdV ⊗R)[(IdV ⊗T )(R⊗ IdV )(IdV ⊗T )](R⊗ IdV )(bk ⊗ bl ⊗ bm)
= (IdV ⊗R)[(IdV ⊗T )(R⊗ IdV )(IdV ⊗T )](ξklbk ⊗ bl ⊗ bm)
= (IdV ⊗R)[(IdV ⊗T )(R⊗ IdV )](ξklbk ⊗ bm ⊗ bl)
= (IdV ⊗R)(IdV ⊗T )(ξklξkmbk ⊗ bm ⊗ bl)
= (IdV ⊗R)(ξklξkmbk ⊗ bl ⊗ bm)
= ξklξkmξlmbk ⊗ bl ⊗ bm,
(R⊗ IdV )[(IdV ⊗T )(R⊗ IdV )(IdV ⊗T )](IdV ⊗R)(bk ⊗ bl ⊗ bm)
= (R⊗ IdV )[(IdV ⊗T )(R⊗ IdV )(IdV ⊗T )](bk ⊗ ξlmbl ⊗ bm)
= (R⊗ IdV )[(IdV ⊗T )(R⊗ IdV )](ξlmbk ⊗ bm ⊗ bl)
= (R⊗ IdV )(IdV ⊗T )(ξkmξlmbk ⊗ bm ⊗ bl)
= (R⊗ IdV )(ξkmξlmbk ⊗ bl ⊗ bm)
= ξklξkmξlmbk ⊗ bl ⊗ bm.
The sixth equality is very similar to the one we just verified, and thus we show only
some of the steps below.
(IdV ⊗R)[(IdV ⊗T )(R⊗ IdV )(IdV ⊗T )](S ⊗ IdV )(bk ⊗ bl ⊗ bm)
= (IdV ⊗R)[(IdV ⊗T )(R⊗ IdV )(IdV ⊗T )]((ξkl + ξ−kl)bk ⊗ bl ⊗ bm)
= (ξkl + ξ−kl)ξkmξlmbk ⊗ bl ⊗ bm,
(S ⊗ IdV )[(IdV ⊗T )(R⊗ IdV )(IdV ⊗T )](IdV ⊗R)(bk ⊗ bl ⊗ bm)
= (S ⊗ IdV )(ξkmξlmbk ⊗ bl ⊗ bm)
= (ξkl + ξ−kl)ξkmξlmbk ⊗ bl ⊗ bm.
Finally, we show that the seventh equality holds.
RT S(bk ⊗ bl) = RT ((ξkl + ξ−kl)bk ⊗ bl)
= R((ξkl + ξ−kl)bl ⊗ bk)
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= ξkl(ξkl + ξ−kl)bl ⊗ bk,
ST R(bk ⊗ bl) = ST (ξklbk ⊗ bl)
= S(ξklbl ⊗ bk)
= ξkl(ξkl + ξ−kl)bl ⊗ bk.
Therefore, the operators T , R and S defined by equations (5.5) – (5.7) satisfy the
properties given in Proposition 20, and therefore they provide an example of a functor
F that yields a representation of V SBn to a submonoid of End(V ⊗n). Moreover, the
operator R satisfies the Yang-Baxter equation.
Final remarks. We can quotient the set EndFS([n]) of morphisms [n] → [n] in
FS by the finite set of relations obtained by substituting the expressions for the mor-
phisms vi, γi and µ
±1
i as defined by equations (5.1)–(5.3) into the relations listed in
Proposition 14. We use FS/r to denote the resulting quotient category (r stands for
‘relations’). Note that FS/r is still a strict monoidal category. We chose to make use of
the relations in Proposition 14 versus those in Definition 11, so that we have a minimal
set of generators for the monoid of all morphisms [n] → [n] in FS/r. It is easy to see
that V SBn is isomorphic to the monoid of morphisms [n]→ [n] in FS/r. Then one can
work with this quotient category as a playground for studying virtual singular braids
and the algebraic structure of the n-stranded virtual singular braid monoid.
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